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Abstract. We study the notions of weak rational ergodicity and ra- 
r—t , tional weak mixing as denned by Jon Aaronson. We prove that various 

families of infinite measure-preserving rank-one transformations possess 
(or do not posses) these properties, and consider their relation to other 
notions of mixing in infinite measure. 



1. Definitions and Preliminaries 

Let (X, B, to) be a standard Borel measure space with a cr-finite nonatomic 
measure to. In most cases, we will assume that to is infinite. A trans- 
formation T : X -> X is measurable if T~ l A 6 B for all A 6 B. A 
measurable transformation T is measure-preserving if m(A) = m(T~ 1 A) 
for all A € B. We say that T is ergodic if every T-invariant set (i.e, 
T~ X A = A mod to) is null (m{A) = 0) or full (m(X \ A) = 0). We say that 
T is conservative if for every measurable set A of positive measure, there 
exists a positive integer n such that m(A n T~ n A) > 0. It follows that T is 
conservative and ergodic if and only if for every set A of positive measure, 
U^Lo T~ n A = X mod to. An invertible measurable transformation 
is a measurable transformation whose inverse is also measurable. Through- 
out this paper, we will assume that T is an invertible, conservative ergodic, 
measure-preserving transformation on (X,B,m), and we will typically use 
the forward images T n A instead of T~ n A. 

When T is a measure-preserving transformation on a probability space X, 
the Birkhoff ergodic theorem states that ergodicity is equivalent to having 
the convergence 

1 n— 1 

(1) -^m(AnT k B)^m(A)m(B) 
n ' 

k=0 

for all measurable A, B C X. This gives a quantitative estimate for the av- 
erage number of visits of one set to another. When X has infinite measure, 
however, the Birkhoff ergodic theorem implies that the Cesaro averages of 
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([T]) converge to for all pairs A, B of finite measure. Moreover, in pQ Aaron- 
son proved that there exists no sequence of normalizing constants for which 
the averages of ([T]) converge to m(A)m(B), and he proposed in turn the 
definitions of rational ergodicity and weak rational ergodicity. 

For any measurable set Fclof finite positive measure, define the intrinsic 
weight sequence of F to be 



u n (F) 

and write 



m(Fr\T n F) 
m(F) 2 



n-1 



A transformation T is said to be weakly rationally ergodic (see [I]) if 
there exists a measurable set F C X of positive finite measure such that for 
all measurable A, B C F, we have 



X 

(2) ——^2m{AnT k B)^m(A)m(B) 

an{ - F > k=o 

as n — > oo. If this convergence happens only along a subsequence {n«} of N, 
we say that T is subsequence weakly rationally ergodic. To emphasize 
the set F, we will sometimes say T is weakly rationally ergodic on F. 

Note that any measure-preserving ergodic transformation on a probability 
space is trivially weakly rationally ergodic, by taking F to be the whole 
space itself. Then a n (F) = n, so ((SJ) reduces to the Cesaro sum definition 
of ergodicity. 

A transformation T is said to be (spectrally) weakly mixing if whenever 
/ € L°°(X, m) and foT = zf for some z € C, then / is constant a.e. When 
X is a probability space, this is equivalent to ergodicity of the Cartesian 
square and also to the strong Cesaro convergence 

^ n—l 

- \ m ( A n TkB ) - m(A)m(B)\ -»■ 

n k=0 

for all measurable A, B C X . In [4], it was shown that for infinite measure- 
preserving transformations, (spectral) weak mixing is strictly weaker than 
ergodicity of the Cartesian square. 

Another property we consider that is equivalent to weak mixing in the finite 
measure-preserving case is double ergodicity. This property was introduced 
by Furstenberg in [9] and was shown to be equivalent to weak mixing for 
probability-preserving transformations, but was not given a specific name. 
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A transformation T is said to be doubly ergodic if for every pair of sets 
A and B with positive measure, there exists a positive integer n for which 
m{A n T n A) and m(B n T n A) are simultaneously nonzero. In the infinite 
measure-preserving case, double ergodicity is strictly stronger than spectral 
weak mixing and is properly implied by ergodic Cartesian square [6]. 

More recently, Aaronson introduced another notion of weak mixing for in- 
finite measure that generalizes rational ergodicity. A transformation T is 
said be rationally weakly mixing (see [3]) if there exists a measurable set 
F C X of positive finite measure such that for all measurable A, B C F, we 
have 



as n — > oo. Again, it is clear that rational weak mixing reduces to the usual 
definition of weak mixing in the finite measure-preserving case. 

We now describe our main results. In Section [2] we prove that a large 
class of rank-one transformations are weakly rationally ergodic and discuss 
the notions of rational ergodicity and bounded rational ergodicity in this 
context. In Section [3] we construct a class of rank-one transformations that 
are not rationally weakly mixing; in particular, we obtain a transformation 
which is rationally ergodic and spectrally weakly mixing but not rationally 
weakly mixing. This negatively answers a question of Aaronson's. (After 
this work was completed, we learned that Aaronson had also independently 
answered this question.) Section U] shows that rational weak mixing implies 
double ergodicity and constructs a transformation that is not rationally 
weakly mixing and which we conjecture to be doubly ergodic. Section [5] 
proves that the notion of zero-type for infinite measure-preserving trans- 
formations (whose spectral definition is equivalent to mixing in the case 
of probability-preserving transformations) is independent of rational weak 
mixing. Finally, in Section [6] we present a class of rank-one transformations 
that are rationally weakly mixing. As remarked in [3], all the examples of 
rationally weakly mixing transformations constructed in [3] are of the type 
T x S, where T is an infinite measure-preserving K- automorphism and S 
is a mildly mixing probability-preserving transformation. These examples 
have countable Lebesgue spectrum and are of a different nature than our 
rank-one constructions. 
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1.2. Rank-One Transformations (Basics). We briefly review (rank-one) 
cutting-and-stacking transformations (see e.g. [13]). A column is an or- 
dered collection of pairwise disjoint intervals (called levels) in R, each of 
the same measure. We think of the levels in a column as being stacked on 
top of each other, so that the (j + l)-st level is directly above the j-th level. 
Every column C = {Jj} is associated with a natural column map Tq send- 
ing each point in Jj to the point directly above it in Jj+i- (Note that Tq 
is undefined on the top level of C.) A (rank-one) cutting-and-stacking 
construction for T consists of a sequence of columns C n such that: 

(a) The first column Co is the unit interval. 

(b) Each column C n+ \ is obtained from C n by cutting C n into r n > 2 
subcohmms of equal width, adding any number of new levels (called 
spacers) above each subcolumn, and stacking every subcolumn under 
the subcolumn to its right. In this way, C n +i consists of r n copies of 
C n , possibly separated by spacers. 

(c) The collection of levels C n forms a generating semiring for B. 

n 

Observing that Tc n+1 agrees with Tc n everywhere where Tc n is defined, we 
then take T to be the limit of Tc n as n — >• oo. 

1.3. Rank-One Transformations (Notation). Let T be a rank-one trans- 
formation, and fix any column C n of T. We denote the number of levels in 
C n by h n and write w n for the width of each level. We denote the height 
of any level J in C n by h(J), with the convention that < h(J) < h n . For 
each < k < r n , let s n ^ be the number of spacers added above the A;-th 
subcolumn of C n , and denote the number of levels in the k-th. subcolumn 
(after adding spacers) by h n ^ = h n + s n ^- 

Define T to be normal if s njrn _i > for infinitely many values of n. (This 
means that at least one spacer is added above the rightmost subcolumn infin- 
itely many times.) In addition, we say that T has a bounded number of 
cuts if sup{r n } < oo; this implies that T is partially rigid and of infinite 
conservative index [5]. 

Given any level J from C n and any column C m of T with m > n, we 
define the descendants of J in C m to be the collection of levels in C m 
whose disjoint union is J. We denote this set by D(J,m). Occasionally, we 
will also use D(J,m) to refer to the heights of the descendants of J in C m . 

We say that T grows exponentially if 2s njrn __i > h n+ \ for every n. Intu- 
itively, this means that the upper half of every column C n consists of spacers 
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added during the (n — l)-st stage of construction. In particular, the descen- 
dants of any level J from an earlier column must lie in the lower half of C n . 
Note that any T which grows exponentially is clearly normal. 

2. Rational Ergodicity 

In this section, we establish some introductory ideas and prove that a large 
class of rank-one transformations are rationally ergodic. 

We begin with a computational lemma. Suppose that T is a normal rank- 
one transformation. Then we claim that the partial sums a n (J) for any level 
J can be computed from the descendant heights D(J,N) for N sufficiently 
large. More precisely, 

Lemma 2.1. Let T be a normal rank-one transformation. Fix any level J 
and n 6 N. Then for every N sufficiently large, we have 

m{JC\T k J) = w n \D{J,N) n {k + D(J,N))\ 

for all < k < n. Consequently, 

n-l /n-l \ 

^m(JnT fc J) = w N ^|£>(J,JV)n(A; + D(J,JV))| . 
fc=0 \fe=0 / 

Proof. Fix any level J, and let n € N be arbitrary. Since T is normal, we can 
find some column CV in which all the heights D( J, N) are at most hjy — n. 
For any < k < n and level Jj G D(J,N), the image T k (Ji) is then the 
level in Cat of height h(Ji) + k. The conclusion follows immediately. □ 

We will sometimes need to compute m(J (~]T k J) for k < 0. For this, simply 
observe that 

m(Jr\T k J) = m(T~ k J n J) 

and 

\D(J,N) n (k + D(J,N))\ = \(-k + D(J,N))r\D(J,N)\, 
so in fact Lemma 2.1 holds for all — n < k < n. 



We thus calculate D(J,N). Suppose that J is a level in Cj of height h(J). 
Then J splits into rj levels in Cj+± of heights 

i 

{h(J)} U {h(J) + h J,k ■ < i < rj - 1}. 

k=0 

Letting 

H j = {0}ulj2h j , k :0<i<r j -l\, 
U=o J 

it follows inductively that 

D(J, N) = h(J) + Hj H j+1 © • • • iZtf-i. 
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We now show that every normal rank-one transformation satisfies condition 
d2|) for A, B finite unions of levels and F the unit interval. In this context, we 
note that Aaronson [IJ Theorem 6.1] has shown every set of finite measure 
F contains a dense algebra of sets satisfying ([2]), but at the same time it is 
never true that ([2]) is satisfied for all measurable sets in every set F of finite 
positive measure [TJ Theorem 6.2]. 

Theorem 2.2. Let T be a normal rank- one transformation. Then T satisfies 
condition ([2]) for A, B finite unions of levels and F the unit interval. 

Proof. Let F = I denote the unit interval. We begin by proving ([2]) for 
A = B = J, where J is the bottom level of any column Cj. We need to 
show that 

1 n— 1 

— - - V m(J n T k J) -> ml Jf 
a n {I) ^ 

as n — > oo. For N sufficiently large (as a function of n), we have 
n-l /n-l \ 

m{J n T k J) = w N I ^2 \D{J, N) n {k + D(J, N))\ J 
fe=0 Vfe=o / 

by Lemma 2.1. Now, writing 

D(I, N) = H ®Hx®---® H N ^ 

and 

d(j, n) = Hj e H j+1 e • • • e h N -i, 

we may express D(I, N) = A® B and D( J, N) = B with A = iJ © #i © 
• • • © -ffj-i- Noting that m(J) = 1/|Z)(J, j)| = 1/|^4|, we thus wish to show 

n-l \ 

|^| 2 ^|5n(fc + 5)| ^ l. 

fc=0 / 

We give the term inside the parentheses a combinatorial interpretation. Let 
P(n) denote the number of ordered quadruplets (a,a',b,b') with a, a' £ A 
and b,b' € B for which < b — b' < n. Then the above quotient is precisely 
W]sfP(n)/a n (I), since \BD(k + B)\ counts the number of pairs b,b' € B with 
k = b - b'. 



a n (I) 



Now let M be the maximum value of A — A. We claim that the follow- 
ing inequality holds: 

n— 1—M n-l+M 

Y \(AeB)n{k + AeB)\<P(n)< \(AeB)n(k + A®B)\. 

k=M k=-M 

Indeed, the sum on the left counts the number of quadruplets (a, a 1 ,b,b') 
with M<a — a' + b — b'<n — M\ the sum on the right counts the number 
of quadruplets with — M < a — a' + b — b' < n + M . Clearly, any quadruplet 
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with M < a — a' + b — b' < n — M has < b — b' < n. Similarly, any 
quadruplet with < b — b' < n has — M < a — a! + b — b' < n + M. Recalling 
that A B = D(I, N), it thus follows that 

n-1— M -, n-l+M 

«n(/) k ^ M a n (I) a n (I) k f M 

Now, M is a fixed constant, independent of n. Furthermore, the sequence 
m(Ir\T k (I)) is bounded above by 1 but has divergent sum. Hence both sides 
of the above inequality tend to 1 as n — > oo, showing that W]\fP(n)/a n (I) — > 
1, as desired. This proves ([2]) for A = B = J , where J is the bottom level 
of any column. 

We now prove ([2]) for J and J' any two levels in the same column. By 
applying T _1 and using the fact that T is measure preserving, we may as- 
sume that one of the two levels (say J) is actually the bottom level of the 
column. Letting J' = T d (J) for some d, we wish to show 

1 n— 1 

—— m{J n T k+d J) -> m(J) 2 . 
Qn ^> k=o 

Now, we have from before that 

n-1 



^ m(J DT k J) -> m( J) 2 . 



a «( J ) fro 

Since m(J C\T k J) is bounded and a n (I) — > oo, the conclusion follows imme- 
diately. 

Finally, we extend to finite unions of levels. Without loss of generality, 
we may assume that J and J' are both disjoint unions of images of the same 
level K. The desired statement then follows from summing together the 
limits ([2]) for each pair of images. □ 

We now show that under certain conditions, we can extend the results of 
Theorem 12.21 to all sets A and B (thus proving weak rational ergodicity) . 

Theorem 2.3. Let T be an exponentially growing rank- one transformation 
with a bounded number of cuts. Then T is weakly rationally ergodic. 

Proof. We show that for T satisfying the above hypotheses, it suffices to 
prove ([2]) for finite unions of levels (as in Theorem I2.2j) . Indeed, given 
arbitrary measurable sets A,BcI, choose D C / a finite union of levels for 
which m(DAB) < e. We claim that there is some constant c such that 



(4) 



^ n— 1 1 n— 1 



Y m(A n T k B) — Y m{A n T k D) 



< ce 
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for every n. Indeed, let Bq = BHD, and write B = BqUB\ and D = Bq\JD\. 
Then the above difference reduces to 

^ n— 1 -. n— 1 

y> ( ^nr' B ,)-^£»^nr* Dl ) 

nv ; fc=0 nV ; k=0 

Now, we claim that we can bound 

^ n— 1 

(5) — — V m(A n T k Bi) < cmiBA 

for some c. Applying this bound with D\ in place of B\ will bound (4) by 

c{m(B\) + to(-Di)) < 2ce, as desired. 

For each m € N, define M m = max(D(/, m)). (That is, let M m be the height 
of the uppermost descendant of / in C m .) Clearly, {M m } is an increasing 
sequence. For any fixed n, if we choose m such that M m _i < n — 1 < M m , 
we have 

n— 1 n— 1 M m 



k=0 k=0 k=0 



and 



M m _i n -l 

m(InT k I) < ^m(7nT fe 7) = a n (7). 

fc=0 fc=0 

To prove (5), it thus suffices to find some c such that 

Mm Mm-1 

(6) ^m(/nr' ; Bi)<cm(Bi) ^ m(I nT k I) 

k=0 k=0 

for every m. 

Now observe that the sets T k I with — M m < k < M, m cover each point 
of 7 exactly \D(I,m)\ times. Indeed, consider the column C m and fix any 
x € 7. Let x be contained in J, where 7 is some level from D(I, m). For any 
level 7' in 7>(7, m), we claim that there is exactly one value of k between 
-M m and M m for which T k J' n 7 / 0. Indeed, suppose < A; < M m 
and T k J' D J ^ 0. Any forward image T k J' with < k < M m is just 
a translation upwards by k levels, since h m > 2M m . (This is implied 
by our hypothesis that T is exponentially growing.) Hence in this case 
k must equal h(J) — h(J'). On the other hand, suppose —M m < k < and 
T k J' n 7 ^ 0. Then J' n T~ k J ^ 0, and exactly the same argument shows 
that —k = h{J') — h(J) (i.e., k = h(J) — h(J')). The claim is then immediate. 
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We thus have 

M m M m 

V m(Ir\T k B l )= rn(T k Ir\B{) = \D(I,m)\m{Bi) 

k=—M m k=—M m 

and 

M m -l 

m{IC\T k I) = \D(I,m- 1)|. 

fc=-M m _i 

Hence 

£ ro ( Jn ^ = ( TOm-l)| ) W ^( if 
and so 

X>(/nr<= Bl ) < ( pjgggL ) m(Bi) (2 ("f>(/nT*/)] - 1] . 

fa — \ \ k — / J 

But \D(I,m)\/\D(I,m-V)\ — I'm— lj £ind T has a bounded number of cuts. 
We thus easily obtain (6). Hence (4) holds, and we can approximate B with 
D a finite union of levels. Applying a similar argument to A shows that it 
suffices to prove ([2|) for all A, B finite unions of levels, which is the content 
of Theorem E21 □ 



We now consider some alternate notions of rational ergodicity, also due to 
Aaronson [lj. For any measurable function /, recall the notation 

n-l 

S n {f) = Y J f°T k . 
k=0 

We say that T is rationally ergodic if there exists a set F of positive finite 
measure which satisfies a Renyi inequality; i.e., there is some constant M 
such that 

(7) J^S n (l F )) 2 dm < M N S n (l F )dm^j 

for every n 6 N. If this inequality holds only on a subset {n^} C N, we say 
that T is subsequence rationally ergodic. Some authors adopt this as 
the definition of rational ergodicity instead (see e.g. [8]). It was shown in pQ 
that rational ergodicity implies weak rational ergodicity. It is not currently 
known whether these notions are equivalent. 

We say that T is boundedly rationally ergodic (see [2]) if there exists a 
set F of positive finite measure such that 

I 



sup 

n>l 



a n {F) 



Sn(l F ) 



< oo. 

CO 
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In [2], it was shown that bounded rational ergodicity is a strictly stronger 
property than rational ergodicity. It is not difficult to see that the proof of 
Theorem 12 .31 (in particular, the establishment of (5)) yields bounded rational 
ergodicity for the transformations in question. Aaronson proved in [2] that 
every dyadic tower over the adding machine is boundedly rationally ergodic; 
Theorem 12.31 extends this result to a larger class of transformations and uses 
a different approach. Some interesting examples of exponentially growing 
rank-one transformations with a bounded number of cuts include: 

(a) Hajian-Kakutani skyscraper-type constructions |12j : 

r n = 2, {s„ i0 = 0, s n> i > 2h n }. 
(When s n i = 2h n + 1 the transformation is spectral weakly mixing, see 

IS])- 

(b) Chacon- like constructions: 

r n = 3, {s„ i0 = 0, s n) i = 1, s nj2 > 3/i n + 1}. 
(When s nt 2 = 3/i n + 1 the transformation has infinite ergodic index, see 
[5], but is not power weakly mixing, see |10| . 

We now prove a slightly different version of Theorem 12.31 without the hy- 
pothesis of a bounded number of cuts. Let T be the Hajian-Kakutani 
skyscraper transformation. We claim that T is subsequence rationally er- 
godic on F = I = (0, 1). We proceed by proving a Renyi inequality for / 
with M = 2 and n« = 2 l . Note that S n (li)(x) is equal to the number of k 
with < k < n — 1 for which T k (x) £ /. 

Theorem 2.4. The Hajian-Kakutani skyscraper transformation is subse- 
quence rationally ergodic on I. 

Proof. We verify the Renyi inequality ([7]) above for n = 2 m . Consider the 
m-th iteration of the construction of T, corresponding to the column C m 
with 4 m levels (each of length 2~ m ). Let D(I,m) = {Ij} be the set of de- 
scendants of / in C m , and order {Ij} by height of appearance in C m so that 
I\ is the lowermost level of {Ij} in C m and /2 m is the uppermost. 

Let the heights of the levels {Ij} in C m be denoted by {h(Ij)}. It is 
immediate that S n (li) is constant on each level Ij, and that the value 
of S n (li) on a fixed level I\ is equal to the cardinality of the intersec- 
tion (h(I\) + {0, 1, • • • , n — 1}) n {h{Ij)}. Now, all the descendants of 
/ lie in the lower half of C m , so the maximum difference between any 
two elements of {h(Ij)} is less than 2 m = n. It follows that (in fact) 
h(Ij) £ (h(Ii) + {0, 1, • • ■ ,n — 1}) for every j > I. Restricting the domain of 
S n (li) to /, we may thus write 

n 

S n (l I ) = J2in + l-j)h j 
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where n + 1 — j is the value of S n on Ij. Proving (6) is then equivalent to 
showing 



2 

A (n+l-j) 2 < 2 / y^ n + l-j 
Multiplying through by n 2 and reindexing yields 

and the result then follows from the formulas for power sums. □ 

We leave it to the reader to extend the proof of Theorem 12.41 to other rank- 
one transformations. In particular, the above proof immediately generalizes 
to show that any exponentially growing T is rationally ergodic along the 
subsequence {M m + 1}. 



3. Rational Weak Mixing 

In this section, we present a large class of transformations that are not 
rationally weakly mixing. We obtain as a corollary the existence of trans- 
formations which are rationally ergodic and spectrally weakly mixing, but 
not rationally weakly mixing. 

We begin with an example of a rank-one transformation which is subse- 
quence rationally weakly mixing. 

First, consider the Chacon rank-one transformation T constructed by start- 
ing with the unit interval, cutting each column in half, and adding a single 
spacer on top of the right subcolumn at every step [7] . This transformation 
is finite measure-preserving and weakly mixing; thus, it is rationally weakly 
mixing. We claim that (in particular) T is rationally weakly mixing on the 
unit interval I = (0, 1). 

It is clear from the definition of weak rational ergodicity that if T is weakly 
rationally ergodic on F, then T is weakly rationally ergodic on any subset 
of F. Moreover, it was shown in [3] that for T rationally weakly mixing, the 
class of sets F satisfying ([2j) is the same as the class of sets F satisfying Q. 
This establishes the claim. 



Now let 



n-l 



t (A, B) = -4tt V \m(A n T k B) - m{A)m(B)u k (I)\ 
a n (I) ^ 



k=0 
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be the quotient from ([3]), and let D m denote the collection of dyadic intervals 
of the form (i/2 m , (i + l)/2 m ) for < i < 2 m . Since D\ is a finite collection 
and T is rationally weakly mixing, there exists some natural number mi 
such that for all A, B G D\ we have (f) mi (A,B) < 1/2. We claim that in 
fact this inequality is true for every rank-one transformation T which shares 
its first mi stages of construction with T (i.e., C n = C n for all n < mi). 
Indeed, for A,B C I, the value of (f) mi (A,B) depends only on the first mi 
stages of the construction of T, since the heights D(I,mi) are all less than 
h mi - mi. 

We now define our desired transformation. We begin by following the con- 
struction of the transformation T as described above, until we reach C mi . 
Then, at the m-i-th iteration, we add 2h mi spacers above the right subcolumn 
(doubling the height of C mi ). Now, adding one spacer at each subsequent it- 
eration gives another finite measure-preserving transformation, which is also 
weakly mixing. Hence, there is some mi > m\ such that 4> m2 (A, B) < 1/4 
for all A,B G Di U D 2 . 

We thus continue adding a single spacer at each step until we reach C m2 , at 
which point we add 2h m2 spacers (again doubling the size of our column). 
Proceeding inductively in this manner, we obtain a cutting-and-stacking 
transformation T and a sequence (m^) such that for each i, <p mi (A, B) < 1/2* 
for all A,B G D\ U-D2 U • • • U-Dj. The result is an invertible, infinite measure- 
preserving transformation which is rationally weakly mixing along (m^) for 
dyadic intervals. 

In order to extend to all subsets of /, we use the following result due to 
Aaronson [3]: 

Lemma 3.1. Let T be an invertible measure-preserving transformation on a 
Polish space X, and assume that T is rationally ergodic on some open set F. 
Suppose there is a countable base C for the topology of F such that for every 
finite subcollection {Cj} C C, there exists a finite subcollection {Di\ C C 
which is disjoint and has the same union. Then to establish rational weak 
mixing, it suffices to prove condition (2) for elements of C. 

Lemma 3.1 also holds for establishing subsequence rational weak mixing, so 
long as rational ergodicity is known along the same subsequence. Since the 
transformation T above may expressed as a dyadic tower over the adding 
machine, T is rationally ergodic [2]. It follows from Lemma 3.1 that T is 
subsequence rationally weakly mixing. 

We now present a large class of examples that are not rationally weakly 
mixing. It will be convenient to write 
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so that for A, B of positive measure, we can divide (2) by m(A)m(B) to 
obtain 

j 71—1 

-—J2\u k (A,B)-u k (F)\^0. 

' k=0 

It is not difficult to see that in this case we must have a n (F)/a n (A, B) — > 1 
[3]. This yields the following theorem: 

Theorem 3.2. Let T be a rank-one transformation constructed by cutting 
C n in half and adding at least c n > 2h n spacers on top of the right subcolumn 
at every step. Then T is not rationally weakly mixing. 

Proof. We prove by contradiction. Suppose that T is rationally weakly mix- 
ing on some set F. Choose a level J which is at least (3/4)-full of F, and 
let J\ and J 2 be the left and right halves of J. By applying T _1 to F, we 
may assume that J is the bottom level of some column Cj. Now, both J\ 
and J 2 intersect F in positive measure, so 
. n— 1 

-^X> fc (JinF)- Ufc (F)| ^0 

' fc=0 

and 

j n— 1 

— — \MJi n F J 2 n F) - u fc (F)| -»• 0. 

Moreover, a n (F) / a n {J\ (IF) — > 1. Multiplying through by this limit and 
using the triangle inequality, we obtain 

j 71— 1 

an(JinF)^ 

Now, fix k and suppose that u fe (Ji n F) > 0. Then m(Ji n T fc J x ) > 0, 
so for sufficiently large N we have k € D(J\,N) — D(J\,N). Similarly, 
if u k (Ji n F, J 2 n F) > 0, then m(J a n T k+h U x ) = m(J x R T fc J 2 ) > 0, 
which implies that k + hj € D(J\,N) — D(Ji,N). Hence we cannot have 
both u k {J\ fl F) and Ufc(Ji R F, J 2 n F) nonzero, since then we would have 
hj € (F(Ji,A0 - £>(Ji,JV)) - (D(J U N) - D(J U N)). As D(J lt N) = 
{0, /ij+i} © {0, /ij +2 } © ••• © {0, /ijv_i}, this is easily seen to be impossi- 
ble (given the fact that c n > 2/i n for all n). 

It is then immediate that 

\u k (Ji C\F,J 2 C\F)- u k {Ji R F)| > u fc (Ji R F) 

for every fc. Indeed, if «fc(Ji R F) = then we are done; otherwise, u k (J\ R 
F, J 2 RF) is 0. It follows that the quotient (8) is bounded below by 1, which 
is a contradiction. This shows that T is not rationally weakly mixing. □ 



In particular, we obtain the following: 
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Corollary 3.3. There exist transformations which are rationally ergodic 
and spectrally weakly mixing but not rationally weakly mixing. 

Proof. Consider any rank-one transformation T constructed by cutting C n 
in half and adding 2h n + 1 spacers on top of the right subcolumn at every 
step. This is rationally ergodic by Theorem 12.31 an d is spectrally weakly 
mixing by a standard argument [5]. By Theorem 13.21 however, T is not 
rationally weakly mixing. □ 

This negatively answers a question of Aaronson's. 

We now extend Theorem 13.21 to other rank-one transformations. Define 



and observe that the elements of H are increasing when listed in the obvious 
order. (Begin with successive elements of Hq, followed by successive elements 
of H\, and so on.) We say that a rank-one transformation is steep if Sj+i > 
4sj for every pair of successive Sj, Sj+i £ H. Clearly, the transformations of 
Theorem 3.2 are steep. In general, such transformations can be constructed 
by adding an exponentially increasing number of spacers above successive 
subcolumns. It is not difficult to see that steep transformations satisfy a 
nice algebraic uniqueness property; namely, every integer k has at most one 
representation 



seH 

with e s € {—2, —1, 0, 1, 2}. The proof of Theorem 13.21 immediately general- 
izes to show that steep transformations are not rationally weakly mixing. 

Theorem 3.4. Let T be a steep rank-one transformation. Then T is not 
rationally weakly mixing. 

Proof. We sketch the proof and leave the details to the reader. As before, we 
proceed by contradiction. Suppose T is rationally weakly mixing on F, and 
let J be a level (3/4)-full of F. Without loss of generality, we may assume 
that J is the bottom level of some column Cj. Now, there must exist at 
least two descendants J\ and Ji of J in Cj+i that have positive intersection 
with F. For these levels, we have J2 = T d J\ for some d € Hj — Hj. It 
then suffices to show that d cannot be contained in (D(Ji, N) — D(J\,N)) — 
(D(Ji, N) — D(Ji, N)), which follows from the uniqueness of (9). □ 



00 



H=\jH j \ {0} 



3=0 



(9) 




4. Relation to Double Ergodicity 



In this section we show that rational weak mixing implies double ergodicity 
and present an example suggesting the converse implication is false. 
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We begin by proving that rational weak mixing on F implies double er- 
godicity for subsets of F. 

Theorem 4.1. Suppose that T is rationally weakly mixing on F. Then T 
is doubly ergodic for all A,B C F. 

Proof. Let A, B C F, and fix 5 > such that 

5 < —mm(m(A) 2 ,m(A)m(B)). 

Since T is rationally weakly mixing on F, 
n-l 



-i- MA n T k A) - m{Afu k {F)\ 

a n\ r ) u-n 



and 



1 



k=0 
n-l 



\ m ( A n TkB ) - m{A)m{B)u k (F)\ -> 0. 



k=0 

Summing these together, we obtain (by contradiction) that there exists a 
positive integer k for which Uk(F) > and 

\m{AC\T k A) -m{Afu k {F)\ + \m(A n T k B) — m(A)m{B)u k {F)\ < 5u k {F). 
We thus have 

\m(A n T k A) - m(A) 2 u k (F)\ < 5u k {F) 

and so 

m(A n T k A) > u k (F)(m(A) 2 - 5) > 
for this k. Similarly, 

m(A n T k B) > u k {F)(m(A)m{B) - 8) > 0. 
By construction of 5, this shows that T is doubly ergodic on F. □ 

We now extend this result to all of X. It was shown in pQ that if T is weakly 
rationally ergodic on F, it is weakly rationally ergodic on any finite union 
F N = F U T(F) U • • • U T^-^F). It follows that the analogous statement 
holds for rational weak mixing, giving the following theorem: 

Theorem 4.2. Suppose that T is rationally weakly mixing. Then T is doubly 
ergodic. 

Proof. Let T be rationally weakly mixing on F, and suppose that T is not 
doubly ergodic. Fix A, B C X for which the double ergodicity condition 
fails; i.e., choose A and B such that for every n, either 
m(A n T n A) = or m(A n T n B) = 0. Since F sweeps out X, there is 
some N for which Fn intersects both A and B in positive measure. Then 
A = Fn n vl and S = F/v Pi B are sets of positive measure which fail the 
double ergodicity condition. But T is doubly ergodic on F/v, a contradic- 
tion. □ 
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It is worth noting that (in general) the class of sets on which T is doubly 
ergodic is not a hereditary ring. For example, let T be any doubly ergodic 
transformation on X, and define Sonlx {0, 1} by S(x, 0) = (T(x), 1) and 
S(x, 1) = (x, 0). Then S is doubly ergodic on both X x {0} and X x {1}, but 
not doubly ergodic on all of X x {0, 1}. (Let A = X x {0} and B = X x {1}.) 

We now investigate whether rational weak mixing is strictly stronger than 
double ergodicity. It will be useful for us consider transformations that are 
"almost" steep. Recall that T is steep if for any pair of successive elements 
Si, Sj+i in H = (Hq U Hi U • • • ) \ {0}, we have Sj+i > 4sj. Now, suppose T 
is constructed so that: 

(a) Each column C n is cut into at least three subcolumns (r n > 3). 

(b) We add zero spacers above the first subcolumn and one spacer above 
the second (s n> o = and s nj i = 1). 

(c) We add a sufficient number of spacers above each subsequent subcolumn 
so that 

i 

^2 K,k > 4 I ^ K tk 

k=0 \k=0 

for every 2 < i < r n — 1. 

Then T is "almost" steep, in the sense that Sj+i < 4sj only when Si and 
Sj+i are the first two nonzero elements of some H n . For such T, we can still 
extract a (slightly technical) algebraic uniqueness condition in the spirit of 

(9) . Indeed, let 

B n = {h n fl, h n fi + /i n ,l} X {h n: o, h n fl + ^n,l} 

and define 

A n = {H n xH n )\(AH n UB n ). 

(Here, AH n = {(x, x) : x G H n }.) Then for any a, b, a', b' G A n and — M n < 
k,k' < M n , the equality 

(10) k + a — b = k' + a' — b' 
implies 

a = a ,b = b' ,k = k' . 

(The proof of this is not difficult and is left to the reader.) Before we proceed, 
it will be useful to establish following lemma: 

Lemma 4.3. Let J be any level, and fix N sufficiently large. Suppose 
(a, b) G A N and -M N <k< M N . Then 

m(Ji n T k+a - b J) = — m(Ji n T k J). 

Proof. By Lemma 2.1, we have 

m(Ji r\T k J) = w N \D(J,N) n (k + D(J,N))\ 
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and 

m(Jj n T k+a - b J) = w N+1 \D(J, N + l)n{k + a-b + D(J, N + l))\. 

By uniqueness of (10), every representation of k + a — b as an element of 
D(J, iV + 1) — D(J, N + 1) corresponds to exactly one representation of k as 
an element of D(J,N) — D(J,N), and vice-versa. Hence 

m(Ji n T k+a - b J) = ^±l m (Ji n T k J) = —m(Ji n T k J), 
w N r N 

as desired. □ 

We now show that if T is almost steep and {r n } is sufficiently large, T cannot 
be rationally weakly mixing. 

Theorem 4.4. Let T be a rank-one transformation. Suppose that T is 
almost steep (as described above), and that 



< OO. 
n=0 

T/ien T is not rationally weakly mixing. 

Proof. We begin by proving that T is not rationally weakly mixing on levels. 
Let J be the bottom level of any column Cj, and let J% and J2 be any two 
descendants of J in Cj+i. Then Ji = T d J2 for some d *E Hj — Hj. As in 
Theorem 13.21 it suffices to disprove the convergence 

j n— 1 

(11) -y— V|« fc (Jl)-U fe (Jl,J 2 )|^0. 

«n(Jl) ^ 

To do this, define 

P m = 2 \m(J 1 nT k J 1 )-m(J 1 nT k+d J 1 )\ 



-M„ 



and 



Q m = Yl rn(JinT k J{). 

k=-M m 

For m sufficiently large, R m = P m /Qm approximates the quotient (11), so 
it is enough to show that R m is bounded below by some positive constant. 

Any choice of (a, b) 6 A m and —M m < k < M m yields a unique number 
k + a — b between — M m+ i and M m+ \. Hence 



p m+1 = \m(Ji n T fc Jx) - m(Ji n r fc+d Ji 



m + 1 
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> Yl \™(JinT k+a - b J 1 )-m{J 1 nT k+a - b+d J 1 ] 

(a,b)eA m k=-M m 

M m 

^2 \m(J 1 nT k J 1 )-m(J 1 nT k+d J 1 )\ 

-M m 

n[ p 
r m ■ 

Moreover, the same argument as in Theorem 12.31 shows 

Mm 

Qm= rn(J 1 nT k J 1 ) = \D(J 1 ,m)\m(J 1 ) 

k=-Mm 

from which it follows that 




Qm+l — VmQr 



We thus obtain 



Now, \A m \ = r'm — r m — 2, so R m is bounded below by 



Rm+i > — 2 — R*> 



k=0 

which is a positive constant by the hypotheses of the theorem. This bounds 
(10) from below along the sequence {M m + 1}. Since T is rationally ergodic 
along the same sequence by Theorem 12.4^ it follows that T is not rationally 
weakly mixing. □ 

We now show that T is doubly ergodic for levels, suggesting that rational 
weak mixing is strictly stronger than double ergodicity. 

Lemma 4.5. The transformation T above is doubly ergodic for levels. 

Proof. We check that for any pair of levels A and B, there exists an integer 
n such that both m(A n T n A) > and m{B n T n A) > 0. Without loss of 
generality, we may assume that A is the bottom level of some column Cj 
and that B = T d A. It then suffices to prove there exists an n such that 
both n and n + d are in D(A, N) — D(A, N) (for N sufficiently large). This 
is easy; simply choose 

n = /ij+i,o + • • • + hj + dfi- 

Then 

n + d = ((2hj+ifi + 1) H h (2h j+dfi + 1)) - (h j+ i 7 o H h hj +d ,o), 

as desired. □ 



ON RATIONALLY ERGODIC AND RATIONALLY WEAKLY MIXING 



19 



5. Independence from Zero-type 

We now show that (subsequence) rational weak mixing and zero-type are 
independent (i.e., do not imply each other). We say that T is zero-type 
if m(A n T n A) — > for all sets A of finite measure [TT]. It is well-known 
that in order to show a conservative ergodic transformation is zero-type, it 
suffices to check this convergence for a single set A of positive finite measure 
We show that every steep transformation with an increasing number 
of cuts is zero-type. 

Theorem 5.1. Let T be a steep rank-one transformation, and suppose that 
{r n } is nondecreasing with sup{r„,} = oo. Then T is zero-type. 



Proof. Consider I = (0, 1). For N sufficiently large, we have 

mil n 1*1) - \ D ^N)n(k + D(i,N))\ 
[ M ] ~ \D(I,N)\ 

Now, \D(I,N) n (k + D(I,N))\ counts the number of representations 

N-l 

(12) k =Y J (d l -d' i ) 

8=0 

with di, d\ G H { . (Recall that D(I, N) = H H x © ■ ■ ■ ® J3jv-l-) If k 
D(I,N) - D(I,N), then m(InT k I) = 0, so suppose that k G D(I,N) - 
D(I,N). Then there is at least one representation 

N-l 

(13) k = ^(xi-x'i) 

with Xi, x\ G Hi. If we fix n and suppose that x n — x' n ^ 0, the uniqueness of 
(9) implies any other representation (12) of k must have di = Xi and d\ = x[. 
In particular, the only indices i at which (12) can differ from (13) are those 
for which x\ — x\ = 0. In these cases, we must choose di = d[, but otherwise 
there are no restrictions (i.e., di = d\ can be any element of Hi). Hence 

\D(I, N) n (k + D(I, AO) | = J] \Hi\ 

with the product being taken over all i for which Xi — x\ = 0. Since 

N-l 

\D(I,N)\=l[\H i \ 



i=0 



it follows that 

m(I n T k I) 
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Now, if k > M n , then the representation (13) of k must have x m — x' m ^ 
for some m > n. This implies that 

mil n T k I) < j-L-r = — <—, 

which shows m(Ir\T k I) — > as k — > oo. Hence T is zero-type, as desired. □ 
We thus have: 

Theorem 5.2. There exist transformations that are zero-type but not ra- 
tionally weakly mixing. 

As a partial converse, observe that the subsequence rationally weakly mixing 
transformation of Section 3 is not zero- type. (Indeed, m(InT h 'I) > 1/2 for 
every i.) Thus, 

Theorem 5.3. There exist transformations that are subsequence rationally 
weakly mixing but not zero-type. 

6. Examples of Rational Weak Mixing 

We end with an example of an infinite measure-preserving rank-one trans- 
formation that is rationally weakly mixing. Let T be a Chacon-like trans- 
formation (r n = 3, {sn,o = 0, s Hj i = 1, s n) 2 > 3/i n + 1}) with enough spacers 
added above every third subcolumn so as to have /i n +i = 3 c /i„, for some 
fixed natural number c > 2. Then h n = 3 cn and 

D(I, n) = H H x ® ■ ■ ■ ffi F n _i 

where Hi = {0, hi, 2h { + 1}. 

Theorem 6.1. The transformation T above is rationally weakly mixing. 

Proof. We begin by proving rational weak mixing for levels. Let J = J\ 
be the bottom level of Cj, and let J2 = T d J\. Then (as in the proof of 
Theorem I4.4p . it suffices to show the convergence (11). Now, for any n, we 
may choose m such that M m _i < n — 1 < M m . Then the quotient (11) 
is asymptotically bounded above by P m /Q m -\ = 3P m /Q m , so it suffices to 
prove Pm/Qm -^Oasm^oo. 

Observe that by the triangle inequality, 

Mm 

P m = \m(JnT k J)-m(JnT k+d J)\ 

k= — Af m 
d-l M m 

<J2J2 \m(Jr\T k+j J)-m(JnT k+1+j J)\. 

3=0 k=-M m 
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Since each of the d outer sums on the right differs from the j = sum by a 
finite number of terms, it suffices to show that 

M m 

\m{J r\T k J) -m(J C\T k+l J)\ 
k_=-M^ ^ 

M m 

£ m(Jr\T k J) 
k=-M m 



Fix m and define a function on D(J,m) x D(J,m) as follows. Every el- 
ement d — d! £ D{ J, m) — D(J, m) has a natural representation 

(m— 1 \ / n— 1 

E* - E< 

with di,d\ € {0, Zij, 2/ij + 1}. Replacing each instance of 2hi + 1 with 2hi in 

(14) yields a sum of the form 

m— 1 

(15) £ e,3 Ci 

with £j £ {—2, —1, 0, 1, 2}. This defines a function g mapping every element 
(d, d') e D(J, m) x D(J, m) to a vector e = {ej™" 1 in {-2, -1, 0, 1, 2} m ^' 
via (14). 

For each fixed e <G {— 2, — 1, 0, 1, 2} m ~ J , define a function e on D(J,m) — 
D(J, m) by 

e(jfe) = \g^ 1 (e)n{(d,d')\d-d' = k,d,d' e D(J,m)}\. 

That is, e(/c) counts the number of pairs (d,d') in g~ 1 (e) with d — d' = k. 
Then we claim that the following properties hold: 

Lemma 6.2. Fix e G {-2, -1,0, l,2} m_ J. We ftat/e; 
faj For any fc, 

^e(fc) = |D(J,m) D (k + D(J,m))\. 

£ 

(b) For p € {—2,-1,0,1,2}, Zei a p be the number of in f./5j equal to p. 
Then 

J2s(k) = 3 a °2 ai+a - 1 . 
fe 

Proof. For (a), simply observe that both the left and right-hand expressions 
count the number of pairs (d, d') for which d — d' = k. 

For (b), observe that the sum on the left counts the number of pairs (d,d f ) 
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whose associated vector is s. Now, if = in (15), then we must have 
di = d\ in (14), and there are three ways that this can happen. Similarly, if 
£j = 1, then either d{ = hi and d\ = 0, or di = 2hi + 1 and d' i = h{. Proceed- 
ing in this manner, a counting argument yields the desired equality. □ 

(Proof of Theorem 12, continued.) Using the results of Lemma 6.1, we thus 
need to show 



£ 



(16) 



-Mrr 



0. 



£ £*(*) 



k=-M m £ 



By the triangle inequality, it suffices to prove this convergence after exchang- 
ing the order of summation in both the numerator and denominator. To this 
end, we claim there exists a nonincreasing function c(t) which converges to 
such that 



£|e(*)-e(fc + l) 



R(e) := 



k 



< c(ai + a_i) 



for each e. Once we have such a function, we obtain the following bound for 
large enough L: 



M„ 



M n 



£ k=-M n 



e k=-M„ 



M„ 



^< L ) E E £ ~( fe ) 

s with \ k=—Mn 
ai+a_i>L 



M„ 



+ c (°) E ( E 

s wit] 
ai+a-i 

Dividing this by the denominator of (16) yields 



e with \fc=— M„ 
ai+a-i<L 



Mr, 



£ £ \e(k)-e(k + l)\ 

e k=-M m 



Mr, 



< c(L) + c(Q)d(L) 



e e m 
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where 

e e m 

e with k=—M m 
, /r s ai+a_i<L 

d ^ = w m • 

E E 

£ k = -M m 

Now, we claim that d(L) — >■ as m — >■ oo. For simplicity, suppose j = 0. 
Then X^ = _ 2 a p = m for every vector e, so we can view the summation over 
e as a sum over all possible 5-tuples (do, a_i, ai, a_2, 02) of natural numbers 
with Ep=-2 Op = JTi- By Lemma 5.2, we thus have 



300211+0-1 



d{m) 



e with 
ai+a_i<m 



< 



^ 3 a o2 a i+ a -i 

e 

^-^ Vao,a_i,ai,a_2,a2/ 

V ( n N )3 a «2 ai 2 a - 1 

£—J Vao,a_i,ai,a_2,a2/ 

£ 

2 m _ 



Next, we will show that s(n) := sup{i?(e) : a\ + a_i = n} converges to 0. 
This will conclude the proof, because c(n) := sup{s(m) : m > n} will be a 
nonincr easing function converging to 0. 

Fix e, and let a be the minimum element of D(J,m) — D(J,m) for which 
i(a) > 0. Any k G D(J, m)— D(J, m) is expressible as k = ^ £j3 c *+^(+l) + 
£(— 1), with the +l's and — l's coming from choosing 2h{ + 1 for d; L and 
d\ in (14). We now ask: how many +l's and —l's do we have for k = a? 
We have only one way of obtaining Si = 2 in (14): namely, (2/ij + 1) — 0. 
Similarly, we only have one way of obtaining = —2: namely, — (2/ij + 1). 
This introduces 02 number of +l's and a_2 number of —l's. We have three 
ways of obtaining = 0, none of which introduce a net number of +l's or 
—l's. For £i = 1, we have two possibilities: either hi — or (2/ij + 1) — hi. 
Since we want to minimize a, we choose the former. Similarly, for £j = — 1, 
we must have either — hi or h{ — (2hi + 1), and to minimize a we choose the 
latter. It thus follows that a has 02 number of +l's and a_2 + a~i number 
of —l's; moreover, e(a) = 3 a °. It is then not difficult to see that 

i(a + k) = 3 a « ( ai + a " 1 

for all < k < a\ + a_i, and is otherwise. 
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Letting n = a\ + a_i, we thus have 

\k=0 



n 

k + 1 



+ 2 



Suppose n = 21 — 1. (The case when n is even is dealt with similarly.) Since 



n \ / n 

, v " U - 1 

the above expression yields 



n + 1 

k 



(n+1) 



2k 



n + 1 




Using the combinatorial identity 
l 



fc=0 



/ - k 



l + l ( 21 



21 \i + ir 



we obtain 



/2(e) < 



1 



2/ 



2 2i + l y 

It is not difficult to see that this goes to as a function of I, thus proving 
that T is rationally weakly mixing for levels. By Theorem 12.31 and Lemma 
3.1, it follows that T is rationally weakly mixing. □ 
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